Abstract. Let S be a two colored (red and blue) set of n points in the plane. A subset I of S is an island if there is a convex set C such that I = C ∩ S. The discrepancy of an island is the absolute value of the number of red minus the number of blue points it contains. A convex partition of S is a partition of S into islands, with disjoint convex hulls. The discrepancy of a convex partition is the discrepancy of its island of minimum discrepancy. The coarseness of S is the discrepancy of the convex partition of S with maximum discrepancy. This concept of was recently defined by Bereg et al. [CGTA 2013]. In this paper we prove an almost tight upper bound of O(n 1/4 √ log n) on this parameter. This is obtained by relating the coarseness of a point set to the discrepancy of a certain class of islands.
Introduction
Let S be a finite set of n elements, and Y ⊂ 2 S a family of subsets of S. The tuple (S, Y) is called a range space. If the range space arises from point sets and geometric objects, (S, Y) is called a geometric range space. A coloring of S is any mapping X : S → {−1, +1}. We think of the elements of S mapped to −1 as being blue and the elements of S mapped to +1 as being red. Let R be the red elements of S and B its blue elements. For Y ⊂ S, let X (Y ) = y∈Y X (y). The discrepancy of Y is defined as disc(Y) := min X max Y ∈Y |X (Y )|.
Geometric discrepancy theory has applications in statistics, clustering, optimization, and computer graphics. See the textbooks [11] , [6] , [8] , [2] and [3] for problems and results in geometric discrepancy.
Assume from now on that S is a set of n points in general position in the plane. A subset I of S is an island if there is a convex set C on the plane such that I = C ∩ S [4] . A convex partition of S is a partition of S into islands, with pairwise disjoint convex hulls. The discrepancy of a convex partition Π of S, disc(Π), is the minimum of disc(S i ) over S i ∈ Π. The coarseness of S is defined as the maximum of disc(Π) over all convex partitions Π of S. This concept was just recently defined in [5] . In this paper we show that the coarseness of S is upper bounded by O n 1/4 √ log n (Theorem 2.6). We also show that there exists point sets with coarseness at least Ω(n 1/4 ) (Theorem 1.4). We prove the upper bound by showing that the discrepancy of a convex partition is closely related to the discrepancy of a certain class of islands of S, which we call k-separable islands. The primal and dual shatter functions have been used to give tight and almost tight upper bounds on the discrepancy of range spaces, via the following theorems (see Chapter 5 of [11] ). 
k-Separable islands and convex partitions
An island I of S is k-separable if it can be separated from S \ I with at most k halfplanes. That is, if there exists a family F of at most k halfplanes, such that I = S F. We denote the set of k-separable islands with I k . For constant k, we bound the discrepancy of k-separable islands using its dual shatter function. First we consider points in convex position. Proof. Assume that S is sorted clockwise around its convex hull. Note that any k-separable island must consist of at most k intervals of consecutive points of S in this order. Consider a family of m, k-separable islands. There are at most 2km points of S that are the endpoints of any such intervals. There are at most 2km regions into which the remaining points (which are not endpoints of any interval) can lie. Thus in total there are at most 4km equivalence classes.
Lemma 2.2.
If k is a positive integer and S a set of n points in general position in the plane then π * I k (m) ≤ Cm 2 , for some constant C that depends on k.
Proof. Let F be a family of m, k-separable islands on S. We first consider the points lying in the convex hull of some island I of F. Note that the convex hull of I is a set of points in convex position. By Lemma 2.1 these points are in at most 4k(m − 1) different equivalence classes (when considering the other m − 1 islands in F). Thus in total there at most 4km 2 equivalence classes for points in the boundary of some island in F. We now bound the number of equivalence classes for points not lying in the boundary of any island. Each such equivalence class is contained in a cell of the line arrangement defined by the following set of lines L. For each island I ∈ F, let L I be the set of at most k lines that separate I from S \ I. Set L := ∪ I∈F L I . The line arrangement defined by L has at most |L| 2 = k 2 m 2 cells. By setting C := k 2 + 4k the result follows.
Using the dual shatter function bound and Lemma 2.2 we obtain: Theorem 2.3. Let k be a positive constant and S a set of n points in general position in the plane. The discrepancy of k-separable islands is bounded by O n
Note that although k-separable island have small discrepancy this is not the case for islands in general. For example for a two colored set of n points in convex position in the plane there is always an island with discrepancy at least n/2. It can be shown that in this case the primal and dual shatter function are equal to 2 m . We now show that every convex partition must contain a 5-separable island. This follows immediately from: Lemma 2.4. (Theorem 2 in [9] ) A collection of n compact, convex, and pairwise disjoint sets in the plane may be covered with n non-overlapping convex polygons with a total of not more than 6n − 9 sides. Theorem 2.5. Every convex partition Π of S has a 5-separable island.
We arrive at our main result by combining Theorems 2.5 and 2.3. √ log n).
Conclusions
We proved that the discrepancy of k-separable islands is upper bounded by
. It is known that the dual shatter function bound can be tight for some range spaces (see [11] ). It is not hard to see that the primal shatter function of k-separable islands of point sets in convex position is lower bounded by Ω(m k ). So the primal shatter function bound can be arbitrarily worse than the dual shatter function bound in this case. It is also interesting to note that the discrepancy of 1-separable islands (or halfspaces) is upper bounded by O(n 1/4 ). We leave the exact (asymptotic) computation of the discrepancy of k-separable islands as an open problem.
Using the fact that every convex partition has an island (in this case a 5-separable island) of low discrepancy, we showed that the coarseness of convex partitions is upper bounded by O(n 1/4 √ log n). However Theorem 2.4 provides more information; for any positive constant c < 1 there exists a positive integer k c (depending only on c), so that in every convex partition of S into m islands at least cm of them are c k -separable (and thus have small discrepancy). We think that computing the exact asymptotic value of the upper bound on the coarseness of point sets is an interesting (and hard) open problem.
Acknowledgments
The problems studied here were introduced and partially solved during a visit to University of Valparaiso funded by project Fondecyt 11110069 (Chile).
